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Abstract 



We consider Gevrey perturbations H of a completely integrable Gevrey Hamiltonian Hq. 
' Given a Cantor set f2 K defined by a Diophantine condition, we find a family of KAM invariant 

tori of H with frequencies cj £ Cl K which is Gevrey smooth in a Whitney sense. Moreover, we 
obtain a symplectic Gevrey normal form of the Hamiltonian in a neighborhood of the union 
A of the invariant tori. This leads to effective stability of the quasipcriodic motion near A. 



1 KAM theorem for Gevrey Hamiltonians 



Let D° be a bounded domain in R n , and T n = R™/27rZ n , n > 2. We consider a class of real 
\Q . valued Gevrey Hamiltonians in T n x D° which are small perturbations of a real valued non- 
degenerate Gevrey Hamiltonian H°(I) depending only on the action variables I £ D°. Our aim 
is to obtain a family of KAM (Kolmogorov- Arnold- Moser) invariant tori A w of H with frequencies 
u in a suitable Cantor set £l K defined by a Diophantine condition and to prove Gevrey regularity 
for it. It turns out that for each u> £ A^ is a Gevrey smooth embedded torus having the 
^ same Gevrey regularity as the Hamiltonian H. Moreover, we shall prove that the family A w , 

u £ f2 K , is Gevrey smooth with respect to u in a Whitney sense, with a Gevrey index depending 
on the Gevrey class of H and on the exponent in the Diophantine condition. This naturally 
involves anisotropic Gevrey classes. Let pi,P2 > 1 and L±,L 2 be positive constants. Given a 
domain D C R n , we denote by t/£*'^ 2 (T n x D) the set of all C°° real valued Hamiltonians H in 
T n x D such that 



\\H\\ LlM := sup sup (|^G>fF(0,/)|L 1 |Q| L2 l/3| a!-" 1 /3!-" 2 ) < oo , (1.1) 

a,/3GN" (9,I)eT n xD° V ' 

where \a\ = ot\ + • • • + a n and a\ = a\l ■ ■ ■ a n \ for a = (a±, . . . , a n ) £ N n . In the same way we 
define ^(^xO), where D is the closure of D. Ifpi = p 2 = p we write also Q p LlM ^ n X D), 
and sometimes we do not indicate the Gevrey constants L±, L 2 . 

Let H° be a completely integrable real valued Gevrey smooth Hamiltonian T n x D° 3 
(9,1) — > H°(I) £ R. We suppose that H° is non-degenerate, which means that the map 
is a diffeomorphism. Denote by g° £ C°°(O ) the Legendre transform of H° 
(then Vg° : Q° — ► D is the inverse map to VH°). We suppose also that there are positive 
constants p > 1, A > 0, and L < L 2 such that iT° G ££ (£>°), 5° G £/£ (O°), and 

\\H°\\ Lo , \\g \\ Lo < A (1.2) 

in the corresponding norms, defined as in tjl . 1|) . In particular, Q° is a bounded domain. Given 
a subdomain D of D° we set := VH°(D) C Fix r > re — 1 and ft > 0. We denote by Q 



the set of all frequencies oj G £1 having distance > k to the boundary of O and also satisfying 
the Diophantine condition 

\(u,k)\ > jgrp, for allO ?k eZ n , (1.3) 

where \k\ = \k\\ + • • • + \k n \. 

We are going to find a Gevrey family of KAM invariant tori with frequencies in Q K for small 
perturbations of H° in £/£ L . In what follows we fix the constants Aq and Lq, and allow the 
constants L<i > L\ > 1 to be arbitrary large. This occurs in the case of the elliptic equilibrium for 
example {Li 3> 1). Given oj G fl, we denote by C w = {oj, d v ) = Y2j=i ojjd/difj the corresponding 
vectorfield on T n . Fix < q < 1. 

Theorem 1.1 Let H° be a real valued non- degenerate Q p -smooth Harailtonian , p > 1, de- 
pending only on I G -D and satisfying Let D be a subdomain of D° with D C -D , and 

= \7H°(D). Fix L2 > L\ > 1 and ft < L^ ^ such that L2 > £0 and f2 re 7^ 0. Then there 
exists N = N(n, p,r) > and e > independent of k, Li, L2, and of the domain D C D° , such 
that for any H G Q p Li L , 2 (T n x D) with norm 

e H := K - 2 \\H - H°\\ LlM < eLj N , 

there exists a map := (U, V) : T n x fl — > L> of an anisotropic Gevrey class Q p,p , p' = 
p(r + 1) + 1, such that 

(i) For each oj G r2 Kj := {(<&(9,oj)) : G T n } is an embedded Lagrangian invariant torus 
ofH and X H o$(. )W ) = £>$(•, w) • C w . 

(ii) There are constants A,C > 0, independent of k, Li, L2, and of D, such that 

d$dP(U(0;oj) - 0)\ + k- 1 \d$dP{y{9;oj) - Vg°(oj)) 

< AC[ al (C 2 ^ 1 ) m a!^!^ +1 ) +1 Lf /2 V^, 



uniformly in (6,oj) ET n x!l and for any a, [5 G N n , where C\ = CL\ and C2 = CL\ +1 . 

Note that ¥ belongs to g p £ p ' L {T n x D) with Gevrey constants L x = CLi and L 2 = C2K' 1 > 

C L\ +l L\ +i; . As a consequence, we obtain a symplectic normal form of H near the union of the 
invariant tori. We say that a real valued function $ G C°°(R n x D) is a generating function of 
an exact symplectic map x '■ T n xD^ T n x D if ^(x, /) — (x, I) is 27r-periodic with respect to 
x, |Id - $/| < 1, and 

{(¥>,/; Xfoi)) : fa,/) G T" x 79} = {(p(*j(x, /)), J;p(s), ^(s, /)) : (x,/) G R" x D}, 

where p : R n — * T n is the natural projection. Fix k = k(D) so that the Lebesgue measure of 
Q~ is positive. Define Cl K , < k < k(D), to be the set of points of a positive Lebesgue density 
in fi K . In other words, oj G f2 K if for any neighborhood U of u in Q the Lebesgue measure of 
U H K is positive. Obviously, f2 K and f2 K have the same Lebesgue measure. 
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Corollary 1.2 Suppose that the hypothesis of Theorem 1.1 hold and < K < n. Then there 
exists N = N(n,p,r) > and e > independent of k, L\, L2, and D, such that for any 
H e $L L 2 ( Tn x D) with e H < eLi N ~ 2{T+2) there is a Q p -diffeomorphism u> : D — > £1, and 
an exact symplectic transformation x G G p ' p (T™ x D,T n x D) defined by a generating function 
&(x,I) = (x,I) +4>(x,I), (ft G (T n x D), suc/i that the transformed Hamiltonian H(<p,I) : = 
H(x(f,I)) belongs to Q p ' p (T n x D) and for each I G w -1 (f2 K ), T n x {/} is an invariant torus 
of H. The functions K(I) := 3(0,1) and R(<p,I) := £%,/) - if (I) safe/?/ 

VaeN", V(^,J) efx^) , d a VK(I) = d a oj(I), dfR((p,I) = 0. 

Moreover, there exist A, C > independent k, Li, L2, and of the domain D, such that 



d«dfy(<p,I) + d?(u;(I)-VH (I)) + 

uniformly with respect to (<p,I) G T" x £) and /or any a, /3 G N n ; where C\ = CL\ and 
C 2 = CL\ +l . 



Denote by f2 3 cu 1— > /(cj) G D the inverse map to the diffeomorphism 7 Then for 

each a; G r2 K , the restriction of the Hamiltonian flow of H to the invariant torus T n x {I(u)} is 
given by (t,<p,I) ^ (ip + tVK(I), I), I = I(uj). Set E K = u' 1 ^^. Expanding d^R(ip,I) in 
Taylor series at some Iq G E k such that |io — 1\ = I-^k — I\ = i ni /'e£ K \I' ~ l\i we obtain for any 
a, (3 G N n and m G N 

|fl«flfi2(^i)| < kAc[ q| (c 2K - 1 )' /3|+m al^^m!"'- 1 , (p, I) G T" x L> , I $ E K , 

where the positive constants A, C\,C 2 are as above. Using Stirling's formula we minimize the 
right-hand side with respect to m G N which leads to 

\d%d$R(<p,I)\ < KAC[ a] (C 2 n- l ) m a\ p p\ p ' exp (-(kC 2 1 \E k - I\) ~^)\ (1.4) 

for any a, (5 G N n uniformly with respect to (<p,I) G T n X D , I £ E K , where the constants 
A,C\,C 2 are as above. These inequalities yield effective stability of the quasiperiodic motion 
near the invariant tori as in ^Uj. Effective stability of the action along all the trajectories for 
Gevrey smooth Hamiltonians has been obtained recently in in [Jj. The importance of the Gevrey 
category for that kind of problems is indicated by Lochak [5] . Integrability over a Cantor set of 
tori for C°° Hamiltonians is obtained by Poschel [2] and Lazutkin (see for references). 

Theorem 1.1 and Corollary 1.2 hold in the case of a non-degenerate elliptic equilibrium 
for Gevrey Hamiltonians as in ^U]. Indeed, let us consider the Birkhoff normal form of the 
Hamiltonian, namely, H(6,I) = H°(I)+H 1 (9, I), where H°(I) = (a , 1) + (QI , I) , with detQ / 
0, and H 1 (6,I) = 0(|/| 5 / 2 ), (9,1) being suitable polar symplectic coordinates. Here, H 1 is 
Gevrey smooth in T n x D a , D a = {cqo < Ij < Cq 1 a : j = 1, ... , re}, and < a < qq, where 
< c < 1 is fixed. More precisely, H 1 G G p LlM (T n x D a ) with norm ||i7 1 || LljZ/2 = 0(a 5 / 2 ), 
where L 2 = Coa -1 , and the positive constants L\ and Cq are fixed. Then Theorem 1.1 holds 
choosing k = 6a 1+<; , < ^ < 1/4, < 5 < I, and for any < a < oq <C 1. 
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As in ^U] the symplectic normal form in Corollary 1.2 can be used to obtain Gevrey quantum 
integrability over the corresponding family of invarint tori and to construct quasimodes with 
exponentially small discrepancy in the semi-classical limit for Schrodinger type operators with 
Gevrey coefficients. Similar results could be obtained for more general classes of non quasi- 
analytic Hamiltonians as well. 

The idea of the proof of Theorem 1.1 is close to that of Theorem 1 in ^U] (see also jl]). 
It follows from a KAM theorem for a family of Hamiltonians P(9,I;uj), where the frequencies 
ijj are taken as independent parameters. Here we follow closely the exposition of Poschel [S]. 
First we prove an approximation lemma for Gevrey Hamiltonians P with real valued analytic 
Hamiltonians Pj in suitable complex domains in Sect. 3.1. To obtain Pj we first construct 
suitable almost analytic extension of P and then we use Green's formula. In Sect. 3.2 we recall 
from Poschel the KAM step and in Sect. 3.3 we set the parameters and make the iterations. 
Finally, using a Whitney extension theorem due to Bruna pQ, we complete the proof of the 
theorem. In Sect. 3.6 we consider the case of real analytic Hamiltonians and we improve certain 
results in ^0]- We prove in the Appendix an anisotropic version of the implicit function theorem 
of Komatsu [3| in Gevrey classes. 

2 KAM theorem for Gevrey Hamiltonians with parameters 

Consider the Hamiltonian H(0, z) = H°(z) + H 1 (9, z) in T n x D°. Expanding H°(z) near given 
zq E D C D°, we write 

H°(z) = H°(z ) + (V z H°(z ),I) + f\l-t)(V 2 z H°(z t )I,I)dt, 

Jo 

where zt = zq + tl, z\ = z, I varies in a small ball B R (0) = {\I\ < R} in R n , and V 2 Z H° stands 
for the Hessian matrix of H°. We put u = VH°(zq). Then zq = Vg (u), g° being the Legendre 
transform of H°, and we write 

H°(z) = e(u) + (uj,I) + P h o(P,uj), 

H 1 (9,z) = H 1 (e,Vg(u)+I)=P H i(0,I;u;), 

where e(u) = H°(Vg(u))), while Pfjo stands for the quadratic term in / in the expression of H°. 
We set P = Pfjo + Pffi and consider the family of Hamiltonians 

H{6, 1; u) := e(u) + {u, I) + P(0, /; u) (2.1) 

in T n x Br(0) depending on the frequency well, From now on, to simplify the notations, we 
replace Ce#, CAq, CL\ and CL2 by e#, Aq, L\ and L2, respectively, whenever C > 1 depends 
only on Lq, p, r and n. Then using (|1.1|) . I|1.2jl . and Proposition A. 3 we obtain 

\d^dZP(9,I;u;)\ < (A R 2 + K 2 e H ) L^f hl (d/3! 7 !r, 

for any a, (3 and 7, and uniformly with respect to (9,I;u>) S T n x -Br(O) x Q. Hence, we can 
suppose that P £ ££ liZ/2iZ/2 (T n x B x fl), B = B R (Q), with norm 

||P||=sup(|a^^2P(0,J;a;)|L^ a| L^^ H7l (a!/3!7!)-' , ) <A R 2 + K 2 e H , (2.2) 

where the sup is taken over all multi-indices a,/3, 7 and for all (6, 1; to) £ T n x B x £1. Fix 
< ? < 1. We can now formulate our main result in this section. 
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Theorem 2.1 Suppose that H is given by \2. 1\) where P £ L L 2 ( T " x Br(0) x 

k > and r > swc/i i/iai k, r < L^ 1 ^ and r < R. Then there is N = N(n, p,r) > and e > 

independent of k, L\, L2, r, R, and o/(lc Qq, such that if 



\P\\ < eurL 



-N 



(2.3) 



then there exist maps (f) £ £ p '(^,0) and$ = (U, V) £ G p ' p ' (T n xO,T n x5 fl (0)), p' = p(r+l)+l, 
satisfying 

(i) For each uj £ O re? i/ie map <& w := 3>(-,u;) : T n — > T n x -Br(O) is an Q p embedding and 
A w := $ W (T") is an embedded Lagrangian torus invariant with respect to the Hamiltonian 
flow ofH m (y,I) := H(<p, l;0(a/)). Moreover, X^ (w) o $ w = • £ w on T n . 

(ii) There exist A, C > 0, independent of k, L\, Li, r, and of £1 C VLq, such that 



d?dg(U(e;u)-6) 



+ r" 



IPII-L 



jV 



uniformly in (0,u) £ T n x f2 and /or any a and /3, where C\ = CL\ and C2 = CL\ +l . 

Remark. Note that the constant e(uj) in (|2.1|) plays no role in Theorem 12 . II and from now on we 
suppose e(u) = 0. 

Theorem 12.11 will be proved in the next section. Theorem 11.11 and Corollary 1.2 follow from 
Theorem 12.11 and they will be proved in Sect. 4. 



3 Proof of Theorem V2.1 



We divide the proof of Theorem 2.1 in several steps. First, using Theorem 13. 7[ we extend P 
to a Gevrey function P of the class Ql ~ (T n x R 2n ) such that ||P|| < A||P||, L 1 = CL 1 , and 

Li,L2 

L2 = CL2, where the constants A, C > are independent of P, R and Q. To simplify the 
notations we drop ~. Multiplying P with a suitable cut-off function we assume that the support 
of P with respect to (I, to) is contained in -Bi(O) x B^(0), R 3> 1. 



3.1 Approximation Lemma for Gevrey functions 

We fix < q < 1 and choose three strictly decreasing sequences of positive numbers {uj} < j^ =0 , 
{vj}j^L and {wj}jS. tending to and such that 

Vj £ N : VjL2, WjL2 < UjL\ < 1 , vq, wq < dy^ 1_? . (3-1) 

Consider the complex sets UJ 1 , m = 1,2, in C n /27rZ n x C n x C n consisting of all (0,I,iv) 
with real parts He 9 £ T n , Red £ L>2(0) and Recj £ B^ +1 {0), and such that |Im#/%| < muj, 
|Imdfc| < mvj, llmcjfel < mnjj, for each 1 < k < n. Set Uj = and denote by A{UJ) the set of 
all real-analytic bounded functions in Uj equipped with the sup-norm | • \u . 
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Proposition 3.1 (Approximation Lemma) Let P G Q P L L (T n x R 2n ). Suppose that the 
support of P with respect to (L,uj) is in -Bi(O) x P^(0), and assume h'J.l\) . Then there is a 
sequence Pj £ A(Uj), j > ; such that 

\P j+ l ~ Pj\u j+1 < C Q L\ exp (-|(p - 1)(2L 1 ^)"^ ±T ) 

|Pok < C (l + L5 t exp(-|(p-l)(2L 1 n )"^)) ||P||. 
where Co = Cb(n, p,q)(R n + 1). Moreover, 

S np\d^d^dZ(P-Pj)(e,I,u;)\ < C L™L 2 exp(~(p-l)(2L lUj )-^ 
in T n x Bi(0) x B fi (0) /or |a| + \P\ + | 7 | < 1. 

Remark. Instead of 3/4 we can take above any positive number less than 1 in order to absorb 
certain polynomials of {L\Uj) . Similar estimates can be obtained without the inequalities 
vo, wo < L2 q ■ In this case Co = Co(n, p) but the right hand side of the estimates above should 
be multiplied by L 2 ™. Using the 'standard' proof of the Approximation Lemma ° ne obtains 

for any 5 > an approximation modulo C(p, 5) exp (—c(p){L\Uj) P+S ^ \\P\\, C, c > 0. 
Proof. We divide the proof into two parts. 

1. Almost analytic extension of P. There is a constant C(p) > 1, depending only on p, such that 



i€(0,2],m€N, l<m<t p- 1 + 1 , 



implies 



t m m\ p ~ l < C{p)m^- 1)/2 e- {p - 1)m . 
Indeed, by Stirling's formula, we get 

t m m\ p ' x < C 1 (j>)m^ 1)/2 e-( p - l)m exp{m[(p- l)lnm + lnt]} 



(3.2) 
(3.3) 



Ci(p)m (p " 1)/!l e- (p - 1)m exp{(p- l)mln [m^]}. 



Moreover, 



mln 



mtp- 1 



< mln 



1+tp-i 



< mtp- 1 < 1 + 2p-i , 



which proves (|3.3[) . 

We define an almost analytic extensions Pj of P in Uj as follows 



F,-(0 + i0,J + iI,c<; + iu;) 



£ d^dZP(e,i,u) 

(a,f3,~f)<=Mj 



{i6) a (ilf(iu)~< 
a!/3! 7 ! 



(3.4) 



The index set A4j consists of all multi-indices a = (a\, . . . , a n ), (3 = (/3i, . . . , (3 n ) and 7 
(71, ... , 7„) such that < Ni, flp. < N 2 and 7^ < .ZV3, k = 1, . . . , n, where 



(2Lm 7 ) p- 



+ 1 , AT 2 



(2L 2 i>;) p-i 



+ 1 , iV 3 



(2L 2 Wj) p- 1 



+ 1 , 



(3.5) 
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and [t] stands for the integer part of t. We have 

\ F j\uf < \\P\\ E {2L l u j )\ a \2L 2 v j f\2L 2 w j )^\a\p\ 1 \y- 1 . 

(a,f3,-y)eMj 

For a.k, @k, 7fc / we estimate each term 

{2L lUj ) a *a k \P- x , {2L 2Vj )^f3 k \P- 1 , (2L 2 w j )^ lk \P- 1 , k = l,...,n, 

by C(p)m^ p ~ 1 ^ 2 e~^ p ~ 1 ' >m , where m > 1 stands for a k ,Pk, and 7fc respectively. To this end, we 
put t = 2L\Uj, 2L 2 Vj, 2L 2 Wj, respectively, and we get t £ (0, 2] in view of (|3.1|) . Now ()3.2|) holds 
because of (|3.5j) . Then using (|3.3|) we obtain 

/ oo \ 3n 

|^| w2 < ||P|| 1 + C(p) £ m^-^e-^" 1 ^ = Ci||P||. 
3 V m=l / 

Set Zk = 0k + iOk- Then applying <9 Zfc = {d/d6k + id/d0k)/2 to we obtain 

2d Zk F j {6 + i6,I + iI,u> + iZ) = E d$dPdyde k P(9J,u) W a ^\ w)y . (3.6) 

(c,/3,7)6A4j «. P. 7. 

«fe=-Nl 

We estimate each term in the sum by 

L 1 (2L 1 ^) |Q| (2^2^) l/3| (2^2^) l7l («W) P_1 («fc + 1)1^11 
in , where = N\. Since 

{2L lUj y^ <a k = N 1 < (2L lUj y^ + 1, 
we obtain from (|3.3j) (with i = 2L\Uj and m = N\) 

(2L lUj ) ak a k l p -\a k + iy < C'(L lUj y exp (-(p - l)(2 J L 1 u i )^) . 
This implies as above 

I^Fjl^ < C"Li(Liw i )-p^-3exp(-(^-l)(2Li« i )-^i) ||P|| 

l^i^s < CLi exp(-|(p-l)(2Xi^r^ T ) ll^ll, 
where C = C(p,n) > 0. In the same way, differentiating ()3.6|) . we get with /3 + 7 = 1 

\d$ p dp* k Fj\u> , Kdld Zk F,\ u? , \dP p dl B Zk F 3 \ u , 

< CL 1 L 2 exp(-|(p-l)(2L 1 u i )"^) ||P|| , 

where C = C(p,n) > (we recall that L 2 > L\ > 1). Using (|3.1|) . we obtain the same estimates 
for Bi k Fj, B ulk Fj, and for their derivatives of order one in Uj. Indeed, putting z k = Ik + ilk we 
obtain 

\d Zk Fj\ U 2 < C'L 2 (L 2 v 3 yT^-\ exp (-{p - l)(2L a « i )-^r) ||P|| 
<Cexp(-f(p-l)(2L 2 ^r^) ||P|| <Cexp (-§(p - l)(2Liu i )~^ T ) ll^lh 
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where C = C{p,n,q) > 0, since L 2 < (i^Uj) - by (|3. lj) . We generalize these estimates as 
follows. Set z = (9,I,uj) G C n /2-7rZ n x C 2n , denote by and y^, respectively, the real and the 
imaginary part of Zk, 1 < k < 3n, and put d Zk = (d Xk + id Vk )/2. Then using (|3.1j) . (|3.3j) and 
(|3.5j) . we obtain for any <5 = (<5i, . . . , £3^) G N 3n with < 5^ < 1 and |<5| > 1 the estimate 

\d 5 z F,\ U 2 < CL?exp(~(p-l)(2L lUi )-^) ||P||, 

where C = C(n,p, ?) > 0. To this end, differentiating 1)3 .4|) . we obtain an expression similar 
to (|3.6j) . where for each such that 4 = 1 we have ai~ = N\ if 1 < k < n, = ./V2 if 
n + 1 < k < 2n, and = ./V3 if 2n + 1 < fc < 3n, and then we proceed as above. More 
generally, for any 5 = (5\, . . . , #3 n ) G N 3n with < 5^ < 1 and |5| > 1, and any 0, 7 G N 3n with 
< |/3| + I7I < 1, we obtain as above the estimate 

Id^dp^ < CL?L 2 /3|+H exp(-|(^-l)(2L 1 n J )^^) \\P\\, (3.7) 



where C = C(n, p, ?) > 0. Obviously, the same estimate holds for d^Sn z d s z Fj if < |/3| + (7] < 1. 

Construction of Pj. We are going to approximate Fj by analytic in Uj functions using Green's 
formula 



2vri 7 aZ ) 77 - C 2vri 77d 77 - C ' 1 if C $ D, 

where D C C is a bounded domain with a piecewise smooth boundary dD which is positively 
oriented with respect to D, D = D U dD, and / G C l {D). 

We denote by C C the open rectangle < a^, < where a& = tt and b^ = 2iij 
for l<A;<n;afc = 2 and = 2vj for n + 1 < fc < 2n, and = R+l and 6^ = 2?/jj for 2n + 1 < 
k < 3n. We denote also by dDk the boundary of which is positively oriented with respect to 
Dfc and by T the union of the oriented segments [—tt — 2iuj , tt — 2iuj] U [tt + 2iuj , — 7r + 2mj] . Note 
that Dk and T depend on j as well but we omit it. Given 77 6 C, we consider the 27r-periodic 
meromorphic function 

1 N ( 1 1 \ 

C^K(t?,C) = - + Ki(t?,C), ^1(77,0= lim Y.\ + 7 — 7TT ) ■ 

77 — Q N^+oo ^ \rf — Q + 27r/e 77 — Q — 2itk / 

Consider the function 

Fj,i{z) := — J Fj(rfi,Z2, z 3n )K(r]i,zi) drji , z G W|. 

It is analytic and 2-7r-periodic with respect to z\ in the strip {|Im#i| < 2uj}. Moreover, for 
Z\ G Di, we have 

F jA z ) = 77—/ Pj(vi,z 2 , z 3n )K(jn, zi) dr]i 
2ni J dDl 

since the function under the integral is 2-7r-periodic with respect to 771, and using (|3.8|) we obtain 

Fji(z) = Fj(z) - -— [ d Vl Fj(r)i,z 2 , z 3n )K{rn,zi) dr]i A dfji. 
2m JDi 
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By continuity last formula remains true for Rezi = ±7r. Set Fjfi(z) := Fj(z) and U^i := 
Uj H {|Imzi| < Uj}. We claim that for any multi-index a = (0, a2 3 • • • ? a 3n) £ N 3n with 
< ot m < 1, 1 < m < 3n, any index fc, and /?, 7 G N such that < /3 + 7 < 1, we have 

^^^(F^-^-o)^ < CL?L^ exp(-^(p-l)(2L lUj )-^ \\P\\, (3.9) 

where C = C{n,p,q) > 0. For k 7^ 1 it directly follows from (|3.7j) differentiating under the 
integral. To prove it for k = 1, we use the same argument for 



-i-r / d Vl Fj(r]i,Z2, ■ ■ ■ ,z 3n )K l (r] l ,zi)dr]i Adr/i. 
2m J Di 

1 /" B Vl F j (rji,Z2,...,Z3 n ) 



2m Jd 1 

On the other hand, 

1 C FL. PL- f ni . "l 

■ (ir/i A CZ771 



27ri Jdi m - z \ 

= -Z,d Zx F 3 {z) + -L / ^(m,^-,^n)-g^) , A ^ 
27T? JDi ??1 - Z\ 

for zi which follows from Q3.8|) applied to f{z\) = z\. Differentiating the last equality and 

using ()3.7j) we get the estimate. Moreover, if \a\ > 1, then (|3.7|) and ()3.9|) imply 



9iWF jA 



< C VlL^ 2 +1 e^ V [--(p-l){2L lUj y~ ) \\P\\. (3.10) 



We define by recurrence Fj >m (z), 2 < m < n, and we prove that it satisfies (|3.9jl in Uj m := 
Mj,m-i ^ {|I mz m| — Uj} for a = (0, . . . ,0,a m+ i, . . . ,as n ). Moreover, Fj !Tn (z) satisfies (|3.10j) for 
|aj > 1. 

For n < m < 3n we define 

1 f Fj rn -.\(z\ , • • • , Z m —\ , T] m , Z m -^1 , . . . , ^3n) _ ^ 7 /2 

'm 



(Z) = — / -^-^ 1 ^- ±1J111 ^ ±1 2; £ Z4 



and set := Uj m _ 1 n {|Im,z m | < p m }, where p m = u,- for n + 1 < m < 2n and p m = Wj for 
2n + 1 < m < 3n. By recurrence with respect to m, we obtain ()3.9[) for Fj jTn in m for any 
n < m < 3n, a = (0, . . . , 0, a m+ \, . . . , «3 n ), < a q < 1 (a = if m = 3n), for any index k and 
/3, 7 such that < /3 + 7 < 1. Moreover, Fj tin (z) satisfies (|3.10(l for \a\ > 1 and m < 3n. For 
2n < m < 3n the constant C should be replaced by C"(l + R) m ~ 2n , where C" = C"(p, n, ?). The 
factor 1 + R comes from the measure of D m , 2n < m < 3n. 

Set Pj = Fj 3 n . Then for any index k and I = 0, 1, we obtain 

\% k (.Pj - FjM < CL^Lie W ^(p-l)(2L lUj )-^\\P\\. 

In particular, 

\Pj+l ~ Pj\u j+1 < \Pj+l ~ F j+1 \ + \Pj -Fj\ + \F j+1 - Fj\ 
< CL\ exp (-f (p - l)(2La^)-^l) ||P||. 
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Moreover, for any index k and I = 0, 1, 

{di^Pjix) - P(x))\ < CL?Lie X p(-~(p-l)(2L lUj r^)\\P\\ 
in Uj n {Imz = 0}, since Fj(x) = P(x) for x real. Finally, 

\Po\ib < \F \ + \P -F \ < c(l + U{^ v (--(p-l)(2L lUQ )-— ) j ||P||. 



4 

This completes the proof of the proposition. □ 

3.2 The KAM step 
Introduce the complex domains 

D SyT = {6 G C n /2nZ n : \Im9\ < s} x {/ G C n : |/| < r}, 

O/, = {w £ C" : |u> - fi„| < /i}. 

The sup-norm of functions in V := D s ^ r x Oh will be denoted by | • \ s , r ,h- Fix < v < 1/6 and set 
5 = 1/2 - 3v (we shall choose later v = 1/54 and u = 4/9 ). Fix < s, r < 1, < 77 < 1/8, < 
a < s/5, K > 1. Consider the real valued Hamiltonian H(8,P,uj) = N(I;uj) + Hi(9,P,uj), 
N(I;u) = e(u>) + (oj,I). We shall denote by 'Const.' a positive constant depending only on n 
and r and by 'const.' if it is < 1. We recall from Poschel JJ] the following 

Proposition 3.2 Lei H be real analytic in V. Suppose that \H — N\ s>r h < e with 

(a) e < const. Knra T+1 , 

(b) e < const, f /ir, 

TTien £/iere exists a real analytic transformation 

F = ($, 0) , $ : Ds-^rjr X O h ► L> s , r X O ft , (j) : 0~ h ► O h , 

0/ i/ie /orm §(9,P,u>) = (U(9; uj), V(6, /; u>)), with V affine linear with respect to I, where the 
transformation <fr(-;u>) is canonical for eachuj, and such that H o T = N + + P + with N + (P,u>) = 
e + {uj) + (a;, I), and 



e 



2 



P+l-Sa^vh < Const. I —— x + W + K n e~ K °)e I . (3.11 



ura 



Moreover, 



\W(<f>-id)\, \W(D$ -ld)W~ l \ < Const. 

s 



e 



\<j) - id\, vh\D(f> - Id| < Const. 



r 



uniformly on D s ^ a ^ r x Oh and 0~ h , respectively, where W = diag (a 1 Id,r 1 Id). 
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Remark 3.3 Set W = diag (cr _1 Id , r _1 Id , /i _1 Id ) and suppose that h < na T+ . Since 1 — v > 
1/3, using the Cauchy estimate with respect to lo, we obtain 

\W(T -id)\, \W(DT - IdW^I < ~4 , C = C(n, r) > , 

rh 

uniformly on -D s -5o-,r;r x 0~ h , where DT stands for the Jacobian of T . 

The proof of Proposition 13.21 is given in [Sj. The only difference between the statement of 
Proposition 1.3 and that of the KAM step in jHj appears in the transformation of the frequencies 
(v = 1/4 in [§]). To prove the proposition with v as above we use the following analog of Lemma 
A.3 0. 

Lemma 3.4 Suppose f : Oh — > C n is real analytic with bounded \f\h- Let < v < 1/6 and 
v = 1/2 — 3v. If ' \ f — id\h < vh, then f has a real analytic inverse f : 0~ h — > 2 r v+ ~\ h and 

\<t> ~ id\vh > 3 vh \ D 4> ~ idkh ^ 1/ - id \h ■ 

A sketch of proof of the Lemma is given in the Appendix. We are going to prepare the next 
iteration. We choose a 'weighted error' < E < 1, fix < e < 1, and set 

v = E 1/2 , e = eKEra T+1 , < E < 1/64. 

We define K and h by 

K n e -K* = E) h 



Setting x = Ka we get the equation x n e~ x = Eo~ n , which has an unique solution with respect 
to x £ [1, +oo), since < E < 1/64 < 1/e. Then K = xo~ x > 1. We set 

r + = r]r, s+ = s — 5a, a + = 5a, 

where < 5 < 1. Later we shall choose 5 = 5(p) as a function of p only. Now the KAM step 
gives the estimate 

\ p +\ s+ ,r+,vh < Const. £Km r+1 (E 2 + (if + K n e- Ka )E) = Const. e K ra T+1 E 2 

= Const. 5{p)~ T ~ l £Kr + a T + +l E^/ 2 . 
Hence there is a constant c\ > 1 depending only on n, p and r such that 

IP, I ~ < -?r 1/2 Kr , a T+1 F 3 / 2 

We fix the weighted error for the iteration by E+ = c^E 3 ! 2 , set e+ = enrj r a T ^ rl E^, and then 
define -q + , x + , K + , and h + as above. Notice that, c\E + = (ciE) 3 / 2 . We require also c\E < 1 
which leads to an exponentially converging scheme. Suppose that 

h+ < vh. (3.12) 

Then we obtain 

\P+\s+,r+,h + < 2 £ +- ( 3 - 13 ) 
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3.3 Setting the parameters and iteration 

As in [S] we are going to iterate the KAM step infinitely many times choosing appropriately the 
parameters < s, r, a, h, n < 1 and so on. Our goal is to get a convergent scheme in the Gevrey 
spaces QP>p( t +V+ 1 . We are going to define suitable strictly decreasing sequences of positive 
numbers {sj}°fL , {rj}JL Q and {hj}'jL , tending to 0, and denote 

D j = D s . >r ., (), (h • V 3 =D 3 xO r 

Fix 5 G (0, 1) (5 will depend only on p) and set 

Sj = soft , Gj = gq5 3 , sq(1 — 5) = 5c"o . 

Obviously, Sj + % = Sj — 5Gj and Gj = 5 _1 (1 — 5)sj for j > 0. We set 

Uj = 4s j = Asq5 3 , Vj = 4ro<P , Wj = Ah^S 3 , 

and denote by Uj the corresponding complex sets defined in Sect. 3.1. We assume for the 
moment that these sequences verify (|3.1|) . Then applying Proposition 13. II we obtain 



I -Pol w — Co-^il|P|| 
\Pj - Pj-x\w ^ °o L i W p W e ~"° Sj = C ° L i W p W e ~"° ° 3 » J ^ 1 , 



Wo ^ ^0 -^l „ 

i _ i (3.14) 

Bo Sj _ (~i rti II pll „— Bo o-j p ~ 



where the positive constants BqL[ 1 and BqL( 1 depend only on p and 5. Given TV" and a > 
we set 

e := \\P\\L? - 2 (a/er) -1 < 1 , (3.15) 

and we introduce 



Ej = EKTqGq expy—BQGj p- 1 

We will choose later N = N(n,r,p) and a > independent of k, L±, L2, and r, so that 
|Pq|w < £0 an d \Pj — Pj-i\Uj < £j for j > 1. Now we put 



E 



3 •- 



c^exp^-BGj A) with B := — (s p-i - 1 



where ci > 1 is the constant in the KAM step. We find 5 G (0, 1) from the equalities 



Vj G N , = c} /2 £;f 2 



This is equivalent to Oj+i = (2/3) p 0^, and we get <5 = ( — ) , which implies B = Bq/A 



,1/2 

put 



AqLi p- 1 , where Aq = A${p) > depends only on p. Now we set rjj = E- , rj + \ = rjjrj, and 



SKTjG^Ej. 



The choice of the 'weighted error' Ej above is motivated by the inequality Ej < Ej+i/2, j > 0, 
which will be proved in (j3,2()|h This inequality will allow us to put Pj — Pj-i in the error term 
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of the iteration of order j. Next we determine Kj from the equation K^e j<T i = Ej. Setting 
Xj = KjUj we obtain 

X n e -Xj = E . a n = c -l a n exp (_ Ba ~J=A _ 

Consider the equation 

i_ 

Xj — nlnxj = Ba- p_1 — nln(o"j) + lnci. (3.16) 

We set 

cr = a LJ 1 (ln(Li + e))'^ , < a < a(n, p) < 1 . (3.17) 
Obviously, oo-Li < cr < a(n,p) -C 1, and for any j 6 N we obtain 

BaJ~ - nln(oj-) + lnci > Bo-q 5=1 = A^i^or^ > A o-~^ » 1 . 

Hence, choosing < cr < cf(n, p) <C 1, we obtain for each j £ N an unique solution Xj — Xj(^(T^j 
of (|3.16|) such that 

Xj > — nlnxj > So^ p ~ > Ao^ ^ 3> 1 • 
Then Xj — nlaxj = Xj(l + o(l)) as a \ 0. On the other hand, using again (|3.17|) we get 



Xj — n In Xj < Ba- p 1 



1 - nA Q l (Li(jj)p-^ hx{Lx(Tj) + nA Q 1 (L 1 a ) p- 1 (In L x + ln(ci)) 



= Ba 3 (l + o(l)), 
uniformly with respect to j G N. Hence, 

BaJ 7 ^ < Xj < 50-7^(1 + 0(1)) , a \ 0, (3.18) 

uniformly with respect to j G N. We set hj = k2~ 1 K^ t ~ 1 and fix v = 1/54. 

We are going to check the hypothesis (a) and (b) in Proposition 13.21 for any j > ( (c) is 
fulfilled by definition). To prove (a) we use (jHIEIl) and that r/J = = o(l) as o" \, 0. Using 
(I3~T71) and (ETHfl) we obtain 

fjfc = 2? W +1 < 2 cr 1 exp(- J B f T J -^) (B ffj -Fi) r+1 (l + o(l)) 

< c 



for) (-^(Lxo-,)-^) < c(p,r) (-f (o^) A) 



This implies £j{rjhj) 1 -C const, w for < cr < a(n,p,r) -C 1 which proves (b). In the same 
way we obtain 

fi( 1 + H) £exp (m) £2 (319) 

for < a < a(n, p, r) <C 1, where C = C(n, r) > is the constant in Remark 3.3. We are going 

to check (|3~T2|) with v = 1/54. Using (|3~TH|) we obtain Xj/x j+1 = (aj+i/aj)^ (1 + o(l)). This 
implies 

u / \t+i / \ T+l /o\p(t+1) 



hj \xj+i 



^ {T+1) — (l+o(l)))= (3) + 
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for a \ 0, uniformly with respect to j £ N. Since p > 1 and r + 1 > n > 2, we obtain 

^ 9 ' 

for any < a < a(n,p, r) <C 1, which proves (|3.12|) . 

Using the special choice of Ej, we are going to prove by induction that 

V j G N , ej < ie i+ i. (3.20) 

To obtain the estimate for j = we write ei = enria\ +l E\ = ekvoctq^ 1 5 t+1 Oy 2 Eq , and we 
obtain 

-1/2 /3\( T + 1 )^- 1 ) / IN 

so/ex = c x 1/2 I- exp [-2Ba p-iJ < 1/2 

for < c < cf(n, p, r) <C 1, since B$ = 4B. To prove it for j + 1 > 1 we write 

Then for j > we obtain 

for < a < a(n,p,T) -C 1 which implies by recurrence (|3.2U|) . From now on we fix a = 
a(n,p,T) <C 1 so that all the estimates above hold and define <tq by 1)3. 17|) . Then we set 
so = 5o"o(l ~~ $)~ ■ We are going to prove that the sequences Uj = 4so<5 : ', Vj = 4tq8 3 , and 
Wj = Ah^S 1 , verify (|3. If) choosing tq = cr and c = c(n,p,T,q) <C 1. We have AsqLi < 1 
in view of 1)3.17)1 . Moreover, ho < kctq +1 < ksq < Lj7 1— ? sq, and we obtain WjLi < UjLi, 
and Wj < L2 _? . Finally, = cr < cL^ ~ ? < and r^Li < cLj q < sqL\, choosing 

appropriately c = c(n, p,T,s) -C 1. 
It remains to show that 

I Pol Wo < eb, iPj-Pi-xl^ < £>•, i>l- (3.21) 
for a <C 1. In view of ()3.14)1 we have 

\Po\uo < Co\\P\m = SKr C -Li N+n+2 a. 
On the other hand, using ()3.17)) we get 

a T +1 E = crVj +1 exp(-A (L 1 (To)"^) 

= C , (n,p,T)L^- 1 Qn(L 1 +e))-0>- 1 )(T+V(L 1 + e)- M > C(n, p,r)L^- T ~ 2 , 
where M = Ao(p)a(n, p,t)~ 1 ^ p ~ 1 \ Now wefixiV = M + T + n + 4 and chose 

a = C{n,p,T)C Q ir -^- = C(n, p,r)c(n, p,r,<;)C Q l . 
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Then | -Pol Wo — ^o- Recall that Co comes from the Approximation lemma and the extension in 
the beginning of Sect. 3, hence, a is independent of n, L%,L2, and r. Using H3.14j) . we obtain for 
each j > 1 

\Pj - Pj-ilu, < £o exp (-Bq crf~^j < Ej. 

We are ready to make the iterations. We consider the real- analytic in Uj Hamiltonian 
Hj(tp, I; uj) = Nq(I; oj) + Pj((p, I; oj), where Nq(I; oj) := (oj, I). For any j £ N, we denote by Vj 
the class of real-analytic diffeomorphisms Tj : P>j+i x Oj+i — > Dj x Oj of the form 

Tj(e,r,u) = ($j(0,i>),<^M), = (Uj(e-,uj),Vj(ej;u)), (3.22) 

where 1] oj) is affine linear with respect to I, and the transformation <£j(. , . ; oj) is canonical 
for any fixed w. To simplify the notations we denote the sup-norm in Dj x Oj by | • |j instead 
of I • \ S j,rj,hj- Obviously Dj x Oj C Uj. 

Proposition 3.5 Suppose Pj, j > 0, is real- analytic on Uj with 

\Po\u < £0 , - Pj-l\Uj < £j,j>l. 

Then for each j > £/iere exists a real analytic normal form Nj(I\uj) = e.j(uj) + (to, I) and a 
real analytic transformation T 3 , where T° = Id and 

jFi+i =f o...of j: D j+1 x O j+1 — > (A) x O ) n «j, j > 0, 

with Tj G suc/i i/iaf J3,- o = iVj+i + lij+i and \Rj + i\j + i < £j+i- Moreover, 

\Wj(Tj - id)\ j+ i , \Wj(DTj - Id)W7 Vi < (3.23) 

r j n j 

\W (P +1 - P)\ j+1 <^-, (3.24) 

r j n j 

where C = C(n,p) > is the constant in Remark 3.3, c = c(n,p) > 0, DJ- 3 stands for the 
Jacobian of T 3 with respect to (6,I,oj), and Wj = diag (aj~^ld, rj~ 1 ld, hj~ 1 ld^ . 

Proof. The proof is similar to that of the Iterative Lemma j^j. First, applying the KAM step we 
find T 1 = To such that Hq o Tq = N\ + Ri, where R\ is real analytic in D\ x 0\ and |Pi|i < £\. 
By recurrence we define for any j > 1 the transformation T 3+1 = T 3 o Tj , where Tj belongs to 
Vj. By the inductive assumption we have Hj_i oT 3 = Nj + Rj, where Nj(I; oj) = ej(u) + (oj, I) 
is a real-analytic normal form, Rj is real analytic in Dj x Oj, and \Rj\j < Sj. Then we write 



Hj o T 3+1 = (N + Pj-!) o T 3+1 + (Pj - Pj-!) o P 



+1 



ff H o T j 



<Fj + (Pj-P j -!)oTi+ 1 



= (Nj + Rj)oTj + (Pj-Pj-!)oTl+\ 

We apply Proposition 13 . 21 to the Hamiltonian Nj + Rj which is real-analytic in Dj x Oj. In this 
way, using (|3.13|) . we find a real-analytic map Tj : -Dj+i x Oj+i — ► x Oj which belongs to 
the class and such that (Nj + Rj) o ^j = iVj+i + Pj+i ; i, where 

IB I <C 1 ? t ,r ^+11/2^3/2 _ 
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Moreover, Tj satisfies (j3.23|) in view of Remark 13.31 and as in [5] we obtain Q3.24J1 . We are going 
to show that 

P +1 : D j+1 x Oi 



This inequality combined with (|3.2U|) and ()3.21j) implies 



(3.25) 



m - P3-1) ° ^' + Vi < \pj - Pj-M < e d < ^p, 

and we obtain Hj o P +1 = Nj+i + Rj+i, where < £j+\- 

To prove (|3.25j) we note that 

|WfcWfe+ll = sup{s k+1 /s k ,r k+1 /r k ,h k+1 /h k } = s k+1 /s k = 5, 

since r k+1 /r k = E^ 2 < 5, and h k+1 /h k ~ tfCH- 1 )/^- 1 ) -1 < <5 for any fe G N. Then using (|3~T^|) 
and (|3.23l) . we estimate the Jacobian of T 3+ in Dj + \ x Oj+i as follows (see 0) 



T 3 )W~ 



j'+i 



fc=0 



fc+i 



Set z = (9, 1,u) = x + iy G -Dj+i x Oj+i, where cc and y are the real and the imaginary part of 
z. Then 

P+^ x + iy ) = P+\ x ) + W V^x, y)Wj y , 

T i+ i(x, y) = i J 1 W DP +I (x + ityWj 1 dt . 

Moreover, \Tj + \(x,y)\ < 2<P and using that |Wj?/| < |Wj+iy| < y/3 we get 

\T j+1 (x, yjWj y\ < 4 5 j , x + iy G Dj+i x O i+ i . 

This implies J rj+1 (x + iy) G Wj, since J 7 - 7+1 (x) is real, and we complete the proof of Proposition 
1331 □ 

We are going to prove suitable Gevrey estimates for J- 3 . We set 

Dj = {(9,1) G Dj : |Im0| < sj/2} , 6 3 = {to G C n : \u - Sl K \ < hj/2} , 

and we denote 5 J = — For any multi-indices a and /3 and m G N with |/?| < m, we 

denote 

iC (d%dPs*) (e,i,u) ■.= d?dgss(e,i,u,) - ■ £ ( w - jya§d^si{e,i,J)h\. 

|/3+7|<m 



Recall that // = p(r + !) + !. 
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Lemma 3.6 Under the assumptions of Proposition^^ we have 

\W d$d%Si(e,0,u)\ < ^Cl Q +^4 Q|+l/3|(T+1)+1 ^ l/3| a! p /3! p '4 /2 , 

(0, 0, u) G D j+1 x O j+1 , 

\W K™,(d$dPS j (9,0,uj))\ < e j4C ' m+ l a l +1 Li a|+(m+1)(T+1)+1 K - m - 1 

x ^X'l^ a\P (m + l)\P' E} ! \ 9 G T ra , <j, 

/or any m G N, a,/3 G N ra , |/3| < m, where the constants A,C depend only on r, p, n and q. 

Proof. Using ()3.24|) and the Cauchy estimate, we evaluate d^d^S^ for any j > and |a + /3| > 1 
in Dj + \ x Oj + %. We have 



~ C r h s H h m ~ h-s lal h m 

1 j' L ] b j+v L j+i 'h b j+i n j+i 



i 

Recall that sj = 5(1 - S)' 1 ^ = 5(1 - 5)- 1 A^~ 1 LJ 1 {Ba j and 

h - - -R- T ~ l - -<j r+1 x- T - 1 
"J ■> n .i ~ 2 > 3 

Then by (ETT^ we get 

/ i_\p(r+i) 

V+i < k- 1 C q LI +1 [Bcj j 

where Co depends only on r and p. This implies 

Mj, a , p < ?A 1 cl a+/3| 4 a|+l/3|(T+1)+1 K-l^a!/3! 



x Ba j "- 1 exp -Bo. p_1 



. _J_\ (p-1)(H-t)+p(t+1)(|/3|+1) 

exp I — -86^ 

where A\, C\ depend only on r and p. Then we obtain 

M J>)/3 < e.4 cl Q+ ^4 a|+l ^ l(r+1)+ V^a! " [3\ ^ T+ ^ +1 E 1 / 2 . (3.26) 

where A, C depend only on r and p. 

We are going to prove the second estimate for u),u>' G Q K . First we suppose that \uj' — uo\ < 
hj+%/8. Expanding the analytic in Oj + \ function ui — ► d^S 3 (0,0, u), 9 G T n , in Taylor series 
with respect to uj at u', and using as above the Cauchy estimate for Mj ai y, we evaluate 

I%ocP ■= \W m d?dP&)(0,Q;<o))\ , 0eT n , uj, J G Q K . 
For \(3\ < m + 1 we have 

^ + ^) ! < 01/3+71/3! < 0I/3+7I + 

7! ~ ' ~ (m -|/3| + 1)! • 
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Then we obtain as above 

| 7 |>m-|/3|+l 

< ca (ra + l) ^ n n — > 4w'-w/i,-M 

~~ (m- \0 + 1) r ), C H ^ \ 1 1 J+v 

1 ^ ^ ; r j h j S j+l h j+l |/3+ 7 |>m+l 

and we get 

1,1'/ Jm— 1/31+1 

S ^1 ( m _ 1^ + i)i a - + ^ • 

where A, C depend only on r, p and n. For |u/ — u;| > hj+1/8 we obtain the same inequality, 
estimating L™ a ^ term by term and using (|3,26[) . This proves the lemma. □ 

According to Proposition 13.51 and Lemma l3.6[ the limit 

d$H P (9,u) := lim dfdP \P(6,0,lj) - (6,0,")] > (M G T n x K , 

j^oo L J 

1/2 

exists for each a,/3 G N and it is uniform since J2^j < 00. Moreover, the partial derivatives 
of dg(Ti^) = dgH.P exist and they are continuous on T" x f2 K . Consider the jet 7i = 
a,{3& N n , of continuous functions : T" x K ^ T" x D x fi, and set 

(/WW)* (0, W ) := W ) - £ ( w - ^'V^n^ie, J) hi 

\/3+-y\<m 

In view of Lemma 13.61 we have 



\W o d^H p (0,u)\ < eAL 1 (CL 1 )M(CLl +1 K- 1 )Wa\t > plf / 



_.J\m-\P\+l 



(3.27) 

for each a, and /3 satisfying < \(5\ < m, and 9 G T n , a;, a;' G where ^4 and C depend only 
on r, p, p', and n. We are going to extend H to a Gevrey function on T n x f2. 

3.4 Whitney extension in Gevrey classes 

Let K be a compact in R n and p > 1, p' > 1. We consider a jet (/^), (3 G N n , of functions 
f@ : T n xif^R, such that for each a G N n the partial derivative dg f@ exists, it is continuous 
on T n x K, and there are positive constants A, C\ and C2 such that 



\d%fP{9,u)\ < AC[ al C l fa\P(3\p' 

\uj — u 

(m- |/3| + 1)! 
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Theorem 3.7 There exist positive constants Aq and Cq and for any compact set K and any jet 
f = p G N™, satisfying HTM) there exists f G G^' (T n x K n ) such that d$d%f = 

on K for each a, (5, and 

\d^f(0,u)\ < ^A max(C 1 ,l)(CoC 1 )l Q l +1 (C C 2 )l' 3 la!^!^. 

Remark. We point out that the positive constants Aq and Co do not depend on the the jet /, 
on compact set K nor on the constants A, C\ and C 2 . 
Proof. Consider the Fourier coefficients 

/£H = (27r)- n / e-tW ff>fau)dtp , k E Z n , 



and denote by A the set of all Whitney jets = \9h)i P £ N n , where g^ = e r \ k \ lip f^(u>) and 
kx\ 

to show that (^) G „4 satisfy 



fc G Z n , |A;| = |fcx| + • • • + \k n \. Choosing r = cqC 1 1//p with < cq = co(n, /?) -C 1, we are going 



U) — UJ 



l\m-\P\+l 



(3.29) 



< ^ r +i ' (m _^ | + 1) , (m + l)l^, 



where A 2 = 2Amax(Ci, 1) . We decompose j = p£j + qj, j,£ G N, < qj < p. For any 
k = (k\, . . . , k n ) G Z n we have \k\ < nmaxi<j< n \ki\ = n\k p \ for some p. Then integrating by 
parts and using Q3.28JI . we estimate 

r ^ fc | 3 P \fl(uj)\ < A^n^ +1 cf j+1 C l f(£j + l)\e/3\e' < 2^Amax(C 1 ,l)C l fp\e', 

choosing r = cqC 1 with < cq = co(n,p) -C 1. This proves the first part of (|3.29j) . To prove 
the second part, we notice that (R™fk)g ( w ) is J us t the Fourier coefficient of {R™dgf)p (9,uj) 
corresponding to k. Now we use a variant of the Whitney extension theorem due to Br una (see 
Theorem 3.1, PP). 

Theorem 3.8 For any compact set K and a jet g = (<r ), G N n , satisfying i'-i. 2fJ\) on K, 

there is g G Q p (R ri ) such that d^g = g 13 on K for any (5, and 

\d?g{u)\ < A A 2 (C C 2 )W(3\e' . 

Moreover, the positive constants Aq and Cq do not depend on the jet g, on the compact set K 
nor on the constants A 2 , C 2 . 

The proof of Theorem l3.8l is given in PQ. Here we only indicate that the constants Aq, Cq > do 
not depend on the compact set K nor on A 2 and C 2 . This follows from the proof of Theorem 3.1, 
HJ. More precisely, setting fP(u) = A^ l C^ m g ^{C^ l uj), C^lo G K, we obtain \ f p {u)\ < (3\e' 
and 

1 ifli / \ 1 \,,, - ,,,'\ m -\/ 3 \+ 1 

!(/©/)/» Ml = ^- 1 c 2 - |/31 (r^ i9 ) 



~ (m- |/3| + 1)! [m+L) - 
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for C^ 1 ^, a/ G K. Hence, we can suppose that (12) and (13), PP, hold with e = A = 1 
{K is scaled to another compact still denoted by K). Then it is easy to see that the constants 
A and e in (19), PQ, are independent of g and K. Moreover, the different constants in Lemma 
3.2 and 3.3, [Q, do not depend on g and K, and we obtain that the constants in (26), [Q, are 
independent of g and K. Scaling back by C 2 we obtain the desired estimates with constants A 
and Co independent of g, K, A2 and Ci- n 

Applying Theorem 13. 81 to the family of jets A, we obtain a family of functions gj- G Q p such 
that d^gk = g% on K for each /3, and 

<feM| < A Amax{C 1 ,l){C C 2 ) 1131 (3\ p ' , VwGR n , A; G Z n , /3 G N" . 
Now it is easy to see that the function 



3 i(fc,e}-H fc l 1/p 

satisfies the requirements of Theorem 13.81 □ 



fcez n 



3.5 Proof of Theorem 2.1. 



Using (|3~271) . we extend the jet H to a Gevrey function ft = (Hi, W 2 , W3) : T"xfl ^ T"xDxfi. 
We have 

|W o ^fl£W(0,a;)| < eAL\ (CLi)'"' (CL[ +1 K _1 )' /3 'a! p /3! p ^ T ' +1 ^ +1 , 

where e = ||P||L] v_2 (aKr) _1 and the positive constants ^4 and C are independent of L\, L2, K, 
r, and Q C 5^(0). We set T = ($,0), $ = (17, V), where J7(0,w) = Hi(O,u) + 0, V(9,u) = 
H.2{0,w), and <j)(oS) = Ti.s(uj) +uj. Recall that r$ = cr, where c = c(n,r, p, ?) > is fixed in Sect. 
3.3. On the other hand, ho < k<Tq +1 < k, and we obtain 



d^(U(6; 



+ r 



-1 



d?df>V(0;u) 



-1 



II DM T-iV 

< A 11 " 1 (CLi)' tt l(C7I>X +1 /c" 1 ) l/3| al^l^ 



for some positive constants A and C as above. Choosing e < 1/^4 in (|2.3jl we obtain |V(0,o;)| < 
AHPllL^K -1 < Aer < r < R. In the same way we get 4>(u>) G O for u G O re . This proves the 



< 



estimates in Theorem 2.1. As in Sect. 5.d, (Hj, we obtain that Xh- T 3 — D$> J ■ Xn 
on T n x {0} x Q K for all j > 0, where Xjjj and Ajy stand for the Hamiltonian vector fields of 
Hj(8, and N = (u,I), respectively. On the other hand, ViTj converges uniformly to VH 
as j — > 00 in view of Proposition 3.1, hence, 



X 



$ = D$ • X N 



on T n x {0} x Q K . Then {$(0;cj) : 9 G T"} is an embedded invariant torus of the Hamiltonian 
H(9,I; c/>(u>)) with frequency u G Q K . It is Lagrangian by construction (see also |2j, Sect. 1.3.2). 
This completes the proof of Theorem 1.1. □ 
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3.6 Real analytic hamiltonians. 



Consider a real analytic Hamiltonian P G Q\ L2 £ 2 (T n x B x Q), B = Br(0), with norm 

||P|U ljr2 = S up(|^^P(^^^ 

Then P can be extended as an analytic Hamiltonian in D sr x Oh, where s = (2Li) _1 and 
r = h = (2L 2 ) _1 ) an d with sup-norm satisfying ||P||2Li,2L 2 — ll-P|Ur,ft — C||-P|Ui,L 2 ) where 
C = C{n) > 0. Fix t 1 > t > n— 1. We can slightly improve Theorem 3.1 ^Uj- Given s > we 
denote by U s the set of all G C n /2nZ n such that |Im0| < s. 

Theorem 3.9 Suppose that H is given by 12.1]) where P G ^i 1 L 2 L 2 ( T?1 x ^( ) x Fix 
K > and r > swc/i £/ia£ k, r < L^ 1 and r < R. Then there is < sq < s and e > both 
independent of k, L 2 , r, R, and of O C £1$, such that if ||P|| < e«r i/ien i/iere exist maps 
<p 6 g r ' +2 (ft,ft) and $ = (E7, V) G G iy+2 {U So/2 x fi, W so x Pr(O)), satisfying (i), Theorem 2.1, 
with p = 1. Moreover, there exist A, C > 0, independent of k, L 2 , r, and £1, such that 

d%(U(0;u})-6) + r" 1 fljgv^w) + k" 1 8^(^(a;)-w) < AC^I £! t '+ 2 P " 



uniformly in (9,u>) G U S0 / 2 x ^ an <^ / or an 2/ S N n . 



Proof. Fix p = (t' — t)(t + 1) +1 and set as above Oj = oo^, and s^+i = Sj — 5<7j, 

i > 0, where sq(1 — 5) = 20<7o (then Sj — ► 3so/4) and so < s = (2Li) _1 . As above we define 
i 

Ej := c{ 1 exp(— a- p ~ 1 ) and set ej = EKrja T - +1 Ej, where e= ||P|| Sjri /j(aKr) _1 . Choose r = r 

and ho = h and define rj, Xj, Kj and hj as above. We consider H = (uj, I) + P in Dj x Oj. We 

fix o"o = a"o(n, p, r, s) < s(l — 5)/20, so that a), b), c) in Proposition 3.1 and (|3.12|) hold for any 

i 

j > 0. Next we choose a = a(n, p,r,Li) < c[ 1 Oq T ~ 1 exp(— <r p_1 ). Then |P| < Eq, and we can 
apply Proposition 3.5. Moreover, as in Lemma 3.6 we obtain with p' = p(r + 1) + 1 = r' + 2 

\W o d%&(0,O,u)\ < sAC^U-WpiP'E 1 / 2 , (0,O,u)eU So/2 x O j+u 



\WoR™(dPs j (9,0,co))\ < eAC m+1 nr 



m—l 



x l -^^f(m + l)\p'E 1 / 2 , 9eU so/2 , u,u'en K , 

for any m G N, (3 G N n , |/3| < m, where the constants A, C depend only on r, p, n and Li. We 
complete the proof of the theorem as above. □ 



4 Proof of Theorem ] 1 . 1\ and Corollary 1.2. 

Proof of Theorem \l.l\ Set r = R = Ky/ej{. Then (|2.2|) implies ||P|| < (A + l)nry/eH and we can 
apply Theorem 2.1. Consider the map $ : T n x O, — > T n x D given by 

^, W ) = (^;^),V 5 °(^H) + ^; W )), 
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where U and V are obtained in Theorem O We have H(9, 1; 4>(uj)) = H(9,Vg°((p(uj)) + I), 
I G Br(0), in the notations of Sect. 2.1. Then Theorem 2.1, (i), implies that A w = {<&(#, u;) : 
G T n }, w g K , is an embedded Lagrangian invariant torus of the Hamiltonian H for each 
uj G Sl K with frequency uj. The corresponding estimates for $ follow directly from those in 
Theorem 2.1. □ 

Proof of Corollary 1.2. The proof is close to that of Theorem 2.1, ^01 and we will be concerned 
mainly with the corresponding Gevrey estimates. Let eh < eL\ N ~ 2 . Then in the notations of 
(ii), Theorem 1.1, we get AC\L^ 2 \/£h < ACe. Choosing e small enough and using Proposition 
A. 2 as well as (ii), Theorem 1.1, we obtain a solution 9 = 9(p,uj) the equation U(9,uj) = ip such 
that 6(ip,u) — p satisfies the same Gevrey estimates as U. Set F(tp,uj) = V(6(ip,u),uj). We 
have = {(ip, F(p, uj)) : p G T n } for each uj G Sl K . Moreover, by Proposition A. 4 we obtain 

d%dP(F(ip,u)-Vg°(u)) < KAc\ al (C 2 K- 1 )^al p ^. p( - T+ ^ +1 Lf /2 



uniformly in (6,uj) G T n x SI. Hereafter, A, C% = CL\, and C 2 = CL\ +1 are positive constants 
as in Theorem 1.1. Denote by p : R n — > T n the natural projection. As in Lemma 2.2 , |1U| . 
we shall find ip G £^'(R n x SI) and R G G p ' (SI) such that Q(x,u) := i/)(x,u) - (x,R(uj)) is 2tt 
periodic with respect to x and 

(i) V(x,uj) G R n x Sl K , V x ip(x,uj) = F(p(x),uj), 

(ii) \d$d%Q(x,u;)\ + \d$(R(u)- Vg°(u))\ < K AC[ a{ (C 2 K- 1 )Wa\ p p\ p ( T+ ^+ 1 Lf /2 ^, 
for G R n x SI. To obtain ip we consider the function 

${x,u) = [ a = [ (F(p(tx),uj), x) dt, (x, uj) G R n x SI , 



7x JO 

where j x = {(tx,F(p(tx),u)) : < t < 1} and a = £dx is the canonical one-form on T*R n . 
Then ip(x,u) — (Vg°(u>),x) satisfies the Gevrey estimates (ii) in [0,4-7r] n x SI. We set 2tt Rj(uj) = 
ip(2irej,uj), uj G SI, {ej} being an unitary basis in R ra . Then R — Vg° satisfies (ii) in SI. Since A^, 
uj G S1 K , is Lagrangian, we obtain as in jlUj that for such uj the function V ' x ip(x, uj) is 2tt periodic 
with respect to x and ip(x + 2irm,uj) — ip(x,uj) = (2ixm, R(uj)) for m G Z n . Consider the function 
Q(x,uj) = ip(x,uj) — (x,R(uj)). It satisfies the Gevrey estimates (ii) in [0, 47r] n x SI, and it is 27T 
periodic with respect to x for uj G Sl K . We are going to average Q on T n . Let / G C/£(R n ) with 
supp/ C [ir/2, 77r/2] n , where C > is a positive constant, and such that J2kez n fi x ~ 2itk) = 1 
for each x G R n . Consider the function Q(x,uj) = J2keZ n (fQ)( x ~ 2irk,uj). It is 27r-periodic 
with respect to x by construction, it belongs to G p ' p> (R n x SI), and Q(x,uj) = Q(x,uj) for 
(x,uj) G R ra x Sl K . Moreover, Q satisfies the Gevrey estimates (ii) in R n x SI. We set ip(x,uj) = 
Q(x,uj) + (x,R(uj)}. Recall that dist (0 K ,R n \ St) > k. Then multiplying Q and R — Vg° by a 
suitable cut-off function h G Q~(Sl), with C = Ck^ 1 and C > independent of SI C SIq, such 
that /i = 1 in a neighborhood of Sl K and /i(cj) = if dist (uj, R n \ SI) < re/2, we can assume that 
ip(x,uj) = (x,X7g°(uj)} for any uj such that dist(a;,R n \Sl) < k/2. This does not change the 
corresponding Gevrey estimates for ip. 

Let e H L^ +2{r+2) < e < 1. Then K^C^^K-^Lf 72 ^?^ < ^C 2 e < 1, and the map 
9 w — > V I , i/'( a; ) a; ) ^ becomes a diffeomorphism for any x fixed, which gives a Q p,p -foliation 
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of T n x D by Lagrangian tori = {(p(x), V x t/j(x, u)) : x G R n } , w £ fi. The action 
I = (Ji, . . . , I n ) £ D on each A w , w G D, is given by 

Ij(u) = (2TT)- 1 { a = (2Tr)~ 1 (ip(2Tre j ,uj)-ip(0,uj)) = Rj(u), 

where 7 i (u>) = {(p(tej), V x i/t(tej,u)) : < t < 2vr}. Then I(uj) - Vg°(uj) = R(w) - Vg°{u) 
satisfies (ii) in f2, and choosing ehLi +2 ^ t+2 ^ < e <C 1 we obtain that the frequency map 
£1 3 u) I(uj) £ D is a diffeomorphism of Gevrey class C? p . Using Remark A.l we show that 
the inverse map D 3 1 1— ► w(7) £ SI is in C/ p and 

9" - Vfl°(J)) < KA{CiK- 1 )Wa\r f I% l * y /e5, 



uniformly with respect to (</?, u) £ T n x f2 and for any a,/3 £ N n . Now we set $(x,J) = 
tp(x,uj(I)). Then $>(x,I) — (x,I) is 27r-periodic with respect to x, and using Proposition A. 3 we 
get the estimates 

<9£df($(x,J)- (x,/))| < ^cl a| (C 2 ^ 1 ) l/3| a! p /?! p(T+1)+1 ^f /2 VeH : - 

Solving the equation &j(6,I) = (p with respect to by means of Proposition A. 2 we obtain the 
symplectic transformation x- For any to £ Q K and any 8 we have (0, F(6, u>)) = (8, $0(8, I(lo))) = 
X($i(8,l(u)),l(u)), hence, A w = X (T» x {/(a;)}). Set #0,1) = H( X M). Then H is 
constant on T n x{/(w)}. We set = #(0,1) and R(<p, I) = H(tp, I)-K (I). Then = 
on T n x E^, hence, all the derivatives of R vanish on T n x E K , since each point of E K is of 
positive Lebesgue density in E K . Using Proposition A. 4 for H(tp, I) = H(6(ip, I), &g(8((p, I), I)) 
we obtain for any a, (3 £ N ra 

dyP(H{<p,I)-H°(I)) < KAc{ a \c 2 K- 1 )Ma\Pp\P( T+1 ) +l L 1 ? /2 ^ 



uniformly with respect to (<p, I) £ T n x D, where the constants A, C\ and C2 are as above. □ 



Appendix 

We shall obtain a variant of the implicit function theorem of Komatsu J3] in anisotropic Gevrey 
classes. Let X and Qq be domains in R n and R m respectevly. Fix p' > p > 1. Let F = 
(/1, ... ,/ n ) be a Gevrey function of the class G™ (X x Q,R n ). We suppose that there are 
constants Aq > and h\,h2 > 0, and a small parameter < e < 1, such that 

V(x,w) £ X xO , < e^ /ii a| 4 /3| a !P ^ P ' (A- 1 ) 

for any multi-indices q,/3. We choose e > so that e^o^i < 1/2- Then \D x F(x,uj) — Id| < 1/2 
for any (x, cj) £ X x where D X F stands for the Jacobian of F with respect to x. Hence, the 
inverse matrix (DxF) -1 exists and \D x F(x, < 2 in X x S7o • Consider now a local solution 

x = g(y,uj), (y,u>) £Y x Q of F(x,lu) = y, where Y C R n and SI C flo are suitable domains. 
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Proposition A. 1 Suppose that \A . 1\) holds and with < e < 1 and eAqHi < 1/2, and consider 
a local solution x = g(y,u>), (y,uj) 6 7x0, of F(x,uj) = y. Then g £ Q p,p (Y x Q,X), and 
there exist positive constants A and C depending only on p, p' , n, and m, such that 

Va,/3, sup d*dP{g{y,uj) - y) < eA AC^ a+ ^ h 1 " 1 h 1 ^ 1 al p (3l p ' . 
Yxn 

Remark A.l. Let / = (/i,...,/„) € G p {X,TL n ) and \d%(f(x) - x)\ < eA Q h^a\ p in X for any 
a, where < e < 1 and eAqH < 1/2, and let g : Y — > X be an inverse map to /. Then the 
inverse map g of f belongs to Q P {Y, X) and dy(g(y) — y) < sAqAC^ /J q a\ p inY for any a. 



As a corollary we obtain 

Proposition A. 2 Suppose that F £ G p ' p ' (T n x fi,T n ) satisfies Q~7)) < e < 1 and 
eA hi < 1/2. Then there exists g £ (T n x il, T n ) and there are positive constants A and C 
depending only on p, p' , n, and m such that 

Va,/3, sup d"dP{g( yi Lu) - y) < eA AC la+/3l h 1 " 1 hf a\ p /3l p ' . 
xxn 

Proof of Proposition A 1. We rescale the variables 

x i — > h\x = x £ h\X := X , i/h h\y = y £ h\Y := Y , uj *— > h^uJ = u £ '■= & ■ 

Set F(x, uj) = hiF(hi x, h^ui), (x, u>) £ X x Q,, and g(y, uj) = hig(hi y, oj), (y, u) £ Y x 0,. 
Then x = g(y,u), (y,co) G F x f!, is a solution of the equation F(x,uj) = y. Moreover, (jA.ll) 
implies 



sup 

XxQ 



d%d%(F(x, 



< sa\ p (3\ p 



(A.2) 



where e := eA^hi < 1/2. We are going to prove that there exist positive constants A and C 
depending only on p, p' , n, and m such that 



Va, /?, 



sup 

Yxn 



dyd^{g{y,u)-y) < eAC\ a+ ^ a\ p f3\ p ' . 



(A.3) 



Then rescaling back the variables we obtain the estimates in Proposition A.l. 

We are going to prove (|A.3|) . From now on we omit '~' to simplify the notations. The 
implicit function theorem of Komatsu 3 implies that g £ Q p (Y x f2;X). Moreover, it follows 
from [3j that 

sup d«dP{g 3 (y,u)-y 3 ) < eAh} a \ + ^(a\ f3\) p ' . (A.4) 
xxn 

Hereafter, A and h are positive constants, depending only on p, p', n, and m. To obtain (|A.4|) 
we consider the inverse mapping (g, id) of (F, id) inXxfi and we use that B = 2, < C = e < 1 
and h = 1 in the estimates of b r in (4), p. 70-71 (see also the estimates of ip r ' a below). 

Take any x°,y° £ X and uj° £ Q such that F(x°,uj°) = y°. Changing the variables if 
necessary we assume y° = and u° = 0. Consider now the solution uj i— ► g(0, uj) of F(x, ui) = 
with 5(0,0) = x°. Then we obtain 

F(x,uj) = (x - g(0,u))D x F(g(0,Lj),uj) + R(x,u), 
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m a neig hborhood of (0,0), where R(x,u) = 0(\x - g(0, w)| 2 ), R £ G p ' p ' (X x 17; R n ). Moreover, 
it follows from (|A.2I) . (|A.4|) and from Proposition A. 3 below that 



sup 

Ixli 



d%dPR{x, lo) < eAh^+^al p f3\ p ', 



where A > and h > depend only on p, p', n, and n. Now me make a local change of the 
variables 

z = (x- g(0,Lo))D x F(g(0,u),u), 
and we obtain the equation (with respect to z) 

z = y + ip(z,u) , z EY , y eY, u £ ti , (A. 5) 

where Yq and Y are neighborhoods of in R n , ip(0,uj) = 0, and 

Va,/3, sup d?dg<p(z,u}) <eAh\ a+ ^al p p\ p ' 
Y xn 

with some positive constants A and h as above. We are going to estimate the derivatives 
d^d^u(0, 0) of the solution z = u(y, u>) of the equation above. 

For j G N we set Mj = j\ p and Nj = jl p ' . Then Mj < Nj and there is H > 1 such that 

(M^!) 1 ^ 1 < H (Mp/pl) 1 ^ 1 , (M./g!) 1 / 9 < H (Mp/pl) 1 ^ , 2 < q < p. (A.6) 

The same estimates hold for Nj as well. 

Consider the Taylor expansion of (p in formal power series at (0, 0) 



<p(z,w) = E 



\p\>2 oeN" 



p\a\ 



9 



3^(0,0). 



Then we have 



^ ^ p\ a\ 



|p|>2 a£N" 



which means that |c^ p,a | < e^4M| p | ^V"| q, | /i ' ' " ' for each p,a. Consider the solution z = u(y,u) of 
(|A.5|) and its formal Taylor series at (0, 0) 



i(y,u) = y + E 



w 



\p\>2 QGN" 



p\a\ 



y p u a . 



Then (|A.5f> is formally equivalent to 



,P,a 



E E ^°=E E 

|p|>2 a€N m ^' " |p|>2aGN" 

Denote by v(y,u>) the power series 



r 5 ' 



,p.a 



y+E E Sr^i - 



| 9 |>2/3eN" 



u(y,u>) = E E 



|p|>2aeN'"' 



p!a! 
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and suppose that it is a formal solution of 



v(y,u;)=eAj2 E h^h™ (y + v{y,u)f ^ 



|p|>2aGN" 



(A.7) 



We claim that such a solution exists and it is unique, v p,a > 0, and u <C y + v. Indeed, for any 
\p\ > 2, a £ N m , and 1 < j < n, there is a polynomial Q p , a j ^ of the variables s r7 ) and 
with non-negative coefficients, where q,r G N n , /?, 7 G N m , 2 < |</| < /3 < a, 2 < |r| < — 1, 



7 < a, and such that u^'", respectively, u?'", is the value of Q p , a ,j for i 9)J g = (p q '@, s 



r,7 



r,7 



respectively, for t 9j/ 3 = e^iWipj A^i^j ^l^l+l^l , s rj7 = f^' 7 . For |p| = 2 the polynomial Q P , a ,j is 
independent of s rn , \r\ > 2. Since the coefficients of Qp,a,j are non-negative, we get \u r j' a \ < v r - a 
for \r\ = 2 and each a. By recurrence we obtain \u r j' a \ < v^' a for each \r\ > 2 and a £ N m . 
Now we set y = (s, . . . , s), s > 0, and consider 



(«,") = £ E 



r=2aeN" 



rial 



E - P ' Q 5- 



Note that for such y the right hand side of the equation (|A.7J) is invariant under any permutation 
of the components Vj(y,uj), 1 < j < n, and using the uniqueness of the solution, we obtain 
01 (s, u) = ■ ■ ■ = (j) n (s,uj) = 4>(s,uj). Then t = s + 4>(s,tL>) is a formal solution of 

*-+^e e e^^wim", 

r=2aeN™ |p|=r ^' 

| p |=r pi — nV - Let t = ip(s, uS) := s + X^2 Sogn™ Tra" 5 ^ be the formal solution of 



where J2 



t = s + eAjr e ^^r(^) r (M 



r=2 aeN" 



r! a! 



(A. 



We obtain as above s + 4> <C ip, which implies \vF' a \ < ip\P\> a for 1 < j < n and for any \p\ > 2, 



a G INT 



We are going to estimate ip r ' a . Set C(u) = A X) a gN m "7^(^) a - Then (|A.8|) becomes 

00 M 

s = k(t,u) := i - eC(u) E ^(^)) r - 



r=2 



Recall that < e < 1. We suppose also that A > 1 and /i > 1. As in [3], using the Lagrange 
expansion theorem, we obtain for r > 2 



if? 



< e 




t=o 



\oj=0 



r-1 



E C(u)hnJ2 



M, 



P+i 



(hnt) 




\uj=0 > 
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and we get 



tp r > a < eM r (AHhn) 



r-l 



r-l 



\uj=0 



« ( 



JVi i \ 



r-l' 



a ! 



< eMr^AH^n 2 ) 1 - 1 

< eM r N\ a \^AHh 2 n 2 ) r - l h} a h m ^ + \ a \. 

We have used the inequalities (|A.6|) for Mj and iVy, as well as the identity 



\uj=0 



E - 

w3gN' 



/3 



E c ^ a > 

aeN m 



where g = r — 1 > 1 and 
C a = 

Thus we obtain 



+ a\ — 1 



<7 + a m - 1 



< 2 m ( 9 ~ 1 ) + l a l. 



V(p,a,j), < V |p|,a < eAM| p |A^| Q |/i r+ l Q l 

where A, h > depend only on p, p', n, and m. Changing back the variables and rescaling back 
0, we obtain the desired estimates for g. 

Finally we recall the Gevrey estimates for the composition of two functions in anisotropic 
Gevrey classes. 

Proposition A. 3 Let g G (Q, Y) and f G Q^ C2 {X x Y), where \i > p > 1, B , C\ and 

C2 are positive constants and X, Y and Vt are open sets in R n . Suppose that \\g\\c-L = A\ 
and ||/||bc 2 = ^2 in the corresponding Gevrey norms with A\, A<i > 0. Then the composition 
(x,u) 1 — > F(x,uj) := f(x,g(u))) belongs to Q P ^ C {X x $7), where C = 2 n+M n M Ci max(l, A1C2) and 
\\F\\ C <A % . 



Proof. Using the Faa de Bruno formula we write 

{dldlf){x,g{u)) 



d1dZF{xM= E 

l<\f3\=p<\a\ 



E 



0\ . ^ a x \---aP\ 

a A \-aP-a 



(d%g)(u;)---(dfg)(u). 



Q^|^l....,|df|^l 

Since \d"g(uj)\ < AiC| a 'a! M , and j! < 2 jf (j — 1)! for j > 1, we estimate above \&].d"F{x, u)\ by 



A 2 B^\(2^ 1 C 1 )\ a \ 1 \Pa\ 

l<\/3\=p<\a\ 



J2 {MC 2 f ((|o 1 |-l)!...(|Q ! P|-l)!p! 



la 1 !^!,...,^?!^! 



We have ( | cv 1 1 — 1)! • • • {\a p \ — l)\p\ < \a\\ < n' a 'a!. Observe that for any r,p G N, r,p > 1, the 

/ T -\- p — 1 

number of multi-indices 7 = (71, . . . ,j p ) G N p with I7I = r is given by 



p — 1 



(see HI], 
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Sect. 1.2). Then the number of partitions a 1 + • • • + a p = a, a 3 G N n , of a = (a±, . . . , a n ) is 
given by 

ai+p-l^ fa n +p-l^ < 2 | a | 2 „(p_i) 
which implies 

< A 2 2~ n B^ (2 n+ ^C 1 max(l,^ 1 C 2 )) |Q| 7!^!^ £ ^ — ^ I | < A 2 B^C^\ P al". 
In the same way we obtain 

Proposition A. 4 Let g G Qb^ Ci {X x fi,y) and / G Gb2,C 2 ( Y x w/iere P > P > l > B j 
and Cj, j = 1,2, are positive constants, and X, Y, and Q are open sets in R n . Suppose 
that \\g\\Bi,Ci = A-i and ||/||_b 2) c 2 = ^2 in corresponding Gevrey norms with A\, A 2 > 0. 
Then the composition (x,cj) 1— ► F(x,u) := f(g(x,u),u) belongs to Q p B 4l c (X x O), where B = 
2 n+p(2n)P£i max(l, AiB 2 ), C = C 2 + 2 n +'>(2n)' , Ci max(l, A^), and ||F|| B ,c < ^2- 

To prove the Gevrey estimates we set z = (x,u) and using Leibnitz formula and the Faa de 
Bruno formula we write 

mf¥xw( s sr( a \ \- ^d^- a 'f)(g(z), v )\ v=UJ 
&yd2F( x ,u) = l^[ a ,) L *j 

a'<a V 7 l<|/3|=p<|7+a'| 

where J- 5 = (7- ? ,a- J ). On the other hand, 

( 7 i| . . . 7 P!)P" 1 (a 1 ! • • • a^.y- 1 ^. P' 1 

< 2 (p- 1 )I7+«'| + a i| _ i)i . . . (| 7 p + q p| _ i)!p!)P-i( Q 1 ! • • • a p \y-P 

< 2^- 1 )lT+ ct 'l (2n)( p ~ 1 )l 7+a 'l7 p a'! M 

and as above we complete the proof of the proposition. 

Proof of Lemma 3.4- First, using the Cauchy formula, we obtain as in j^j, Lemma A. 3, that 
/ : 02(v+ v )h — > C is one-to-one (injective). Note that 2(v + v) = 1 — 4u. To show that 
Oyh C /(0(i_4 W )h), we take w G and cj G f2 K such that \uu — cj| < vh. Set / = id — F. Then 
l-^U < and l-D-^Iri-^)/} < 1/4 by the Cauchy estimates. Put no = cj and n^+i = F(uk) + u> 
for > 0. By recurrence we prove 

K+l - u k\ < 2 _1 4- fc (l - Av)h , \u k - cj| < (2/3)(l - 4~ fc )(l - Av)h. 

Taking the limit we find u G B r (u), r = (1 — 4v)h, such that n = F(u) + u;. The corresponding 
estimates of <p follow from the arguments in Lemma A. 3. □ 
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